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Figure2: Developmentof meanradialpower
�87

andanisotropy

U 7
of thea) initial randompoint set,after

b) 20 iterationstepsof Lloyd’s method,andafterc) 80 steps.

quenciesbecomeattenuatedandtheminimalpoint-
to-pointdistanceis increased(alsoseethetablebe-
low).

In Figure3 the resultsof (a) dart throwing, and
(b) the relaxationschemeappliedto a randomini-
tial pointsarecompared.As aresult,lowerfrequen-
cies are attenuatedmore effectively by the relax-
ationmethod,andmediumfrequenciesarestronger.
Bothrandompointsetsapproximateuniformdistri-
bution. However, it becomesobviousthattheprice
for the higher uniformity of the relaxed points is
a slightly increasedanisotropy. The range b of
thenearestneighbordistancesin Figure3 is much
smallerfor therelaxationmethod(seethetablebe-
low). This is mainly dueto theincreasedminimum
distance.

NN distance max min b
Dart throwing 33.44 21.64 11.8
Lloyd’s method 32.33 24.86 7.47

Thecomputingtime for bothmethodsis similar:
80 relaxationstepsfor 1000pointsarecomputedin
about40seconds,therefineddartthrowing method
by McCool andFiumeneeds50 seconds,if a max-
imum numberof 150.000trials is allowed before
the disk radiusis decreased.If graphicshardware
is usedfor computingthe Voronoi diagramduring
therelaxation[6], on a standardPC25 secondsare
neededfor 80 iterationswith 1000points.

2.1 Hierarchical Blue Noise Samples

For efficient adaptive samplingprogressive point
setsare required. While McCool and Fiume [8]
realizedthis by decreasingthe disk radiusandre-
running the dart throwing algorithm, also Lloyd’s
methodcan be usedto add new points. This is
doneby usingtherelaxationto movethenew points
aroundtheold points,whichhavebeenfixedbefore
theiteration.

In Figure4 the point setsresultingfrom adding
(a)

,
, (b) c , , and(c) d , pointsto asetof

,
blue

noisesamplesareplotted,wherethenew pointsare
marked by crosses. Obviously the attenuationof
low frequenciesby adding

,
new pointsis not that

effective. In the two othercases,however, the low
frequenciesareeffectively attenuatedat thecostof
a slightly increasedanisotropy.

3 Aperiodic Tiling

The ideaof tiling the samplingplanehasbeenal-
readymentionedby Dippé andWold [3]. However
they proposedto replicaterotationsof one single
pattern.By doingsobluenoisecharacteristicswill
bedestroyedacrosstile boundaries.

Insteadmorethanonepoint setcanbecomputed
to aperiodicallytile theplane.Thereforewe devel-
opeda versionof theLloyd’s methodthatsynchro-
nizesdifferentpoint setsby relaxingonepoint set
while multiple edgeconstraintsareimposedby all
the point setsthat potentiallycanbe placedat this
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Figure3:
,e
f� �H��� samplepointswith meanradial power

�87
andanisotropy

U 7
generatedby a) dart

throwing andb) Lloyd’s method.

edge.
In the original version of Lloyd’s method, the

point is moved into the center of gravity of its
Voronoi region. This is doneby calculatinga dis-
placementvector for eachpoint. In our new tiling
version of the algorithm the displacementvector
is determinedby the averageof all displacement
vectorsfor theVoronoi regionsthatoccurif differ-
ent point setsareplacedsideby side. This affects
mostlythepointsat theborderof eachquadratictile
wherefor eachneighbordifferentVoronoi regions
aregenerated.Thisprocessof averagingis repeated
for eachpoint setuntil all of themfit together.

Figure 5 shows the process. Two different
Voronoi diagrams are created by two different
neighborsto a quadratictile. Due to the different
Voronoiregionsasetof displacementvectorsispro-
ducedthatis averaged.

Generally, for a setof g point setson quadratic
tiles, g edgeconstraintsareimposedon eachedge
of a tile. This numbercanbe reducedby the use
of Wangtiles [13], thatallow for anaperiodictiling
of theplaneby only 13 differenttiles. Shadeet al.
[11] useanalgorithmthatworkswith eighttilesand
producesnovisiblepatterns,thoughits aperiodicity
wasnotproven. In thelattercase,eachedgein each

tile hasonly four possibleneighbors.This allows
the above algorithm produceresultsin reasonable
timeby dramaticallyreducingtheeffort requiredfor
synchronization.

Figure6 shows the resultsfor Wang-tilingpoint
setswith (a)

,h
ji c pointsand(b)
,k
l� d points.

Bothdistributionsshow convenientspectralproper-
ties that are similar to the resultsof untiled point
setsthat,however, aremuchmoreexpensive to gen-
erate. In both casesslightly increasedanisotropy
valuesareobserved, thesearecausedby the tiling
processitself which introducesa grid structurein
the Fourier transformthough it is aperiodic (see
Figure7).

The overall computationtime for the point sets
with 13 points and 25 iterationswith all possible
neighborsis about90 secondson a PentiumIII PC
with 800 MHz, for the setswith 52 pointsand25
iterationswe needapproximately270seconds.

4 Conclusion

We introducedan efficient methodfor generating
samplingpatternswith blue noisespectralproper-
ties.Usingonlyasmallnumberof progressivebasis
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Figure4: Hierarchicalblue noisesampleswith with meanradial power
� 7

andanisotropy

U 7
: a) adding

100 points to a setof 100 points,b) adding200 points,andc) adding300 points. The addedpointsare
depictedby crosses.
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changed Voronoi cells
of current tile

changed tilecurrent tile

Figure5: Relaxationwith multiple edgeconstraints.Thepointsin thecurrent tile aremovedby themove-
mentsdeterminedby applyingoneiterationstepfor theboundaryconditionsimposedby thechangedtile.

point sets,theplaneis efficiently tiled in an aperi-
odic way, while still allowing for local hierarchical
supersampling.Thegeneratedpatternsaresuperior
to Poissondisk distributionssinceby construction
minimal and maximal point-to-pointdistancesre-
mainrestricted.

Apart from efficient antialiasing,the point pat-
ternscanbeusedin severalapplicationswherepoint
distributionswith minimumdistancepropertiesare
needed.Examplesincludethepositioningof plants
[1] within plantpopulationsandstippling,which is
anon-realisticrenderingmethodusingdots[2].

An interestingopenquestionfor futureworkcon-
cernsthe relationof Lloyd’s relaxationprocessto
theadaptive samplingstrategy of Eldaretal. [4].
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Figure6: Aperiodicallytiled bluenoisesampleswith meanradialpower
�87

andanisotropy

U 7
usingeight

Wangtilesata)52pointspertile andb) 13pointspertile. Thescratchmarksbesidesthepointsetsindicate
thetile boundaries.

a) b) c)

Figure7: Fouriertransformof a) a bluenoisepoint setwithout tiling, b) aperiodicallytiled point setsat 52
pointspertile, andc) aperiodicallytiled point setsat 13 pointspertile. Weakgrid structuresarevisible in
thetiled instances.Usinglesspointspertile increasestheanisotropy.
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