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Figure2: Developmentof meanradialpower P; andanisotroy A; of the a) initial randompoint set,after
b) 20iterationstepsof Lloyd’s method,andafterc) 80 steps.

guenciedecomeattenuate@ndthe minimal point-
to-pointdistances increasedalsoseethetablebe-
low).

In Figure 3 the resultsof (a) dartthrowing, and
(b) the relaxationschemeappliedto a randomini-
tial pointsarecomparedAs aresult,lowerfrequen-
cies are attenuatednore effectively by the relax-
ationmethod andmediumfrequenciesrestronger
Bothrandompoint setsapproximateuniform distri-
bution. However, it becomehbviousthatthe price
for the higher uniformity of the relaxed pointsis
a slightly increasedanisotroy. The range A of
the nearesneighbordistancesn Figure3 is much
smallerfor the relaxationmethod(seethetablebe-
low). Thisis mainly dueto the increasedninimum
distance.

NN distance max min A
Dartthrowing 3344 | 2164 | 11.8
Lloyd'smethod | 32.33 | 24.86 | 7.47

The computingtime for both methodss similar:
80 relaxationstepsfor 1000pointsarecomputedn
about40 secondstherefineddartthrowing method
by McCool andFiumeneeds50 secondsif a max-
imum numberof 150.000trials is allowed before
the disk radiusis decreasedIf graphicshardware
is usedfor computingthe Voronoi diagramduring
therelaxation[6], on a standard®C 25 secondsare
neededor 80 iterationswith 1000points.

2.1 Hierarchical Blue Noise Samples

For efficient adaptve sampling progressie point
setsare required. While McCool and Fiume [8]
realizedthis by decreasinghe disk radiusandre-
running the dart throwing algorithm, also Lloyd’s
method can be usedto add newv points. This is
doneby usingtherelaxationto move thenew points
aroundtheold points,which have beenfixedbefore
theiteration.

In Figure 4 the point setsresultingfrom adding
(&) N, (b) 2NV, and(c) 3N pointsto asetof NV blue
noisesamplesreplotted,wherethe new pointsare
marked by crosses. Obviously the attenuationof
low frequenciedy adding/N new pointsis notthat
effective. In the two othercaseshowever, the low
frequenciesare effectively attenuatedht the costof
aslightly increasednisotrog.

3 Aperiodic Tiling

The ideaof tiling the samplingplanehasbeenal-
readymentionedby Dippé andWold [3]. However
they proposedto replicaterotationsof one single
pattern.By doingso blue noisecharacteristicsvill
bedestryedacrosdile boundaries.
Insteadmorethanonepoint setcanbe computed
to aperiodicallytile the plane. Thereforewe devel-
opeda versionof the LIoyd’s methodthatsynchro-
nizesdifferentpoint setsby relaxing one point set
while multiple edgeconstraintsareimposedby all
the point setsthat potentially canbe placedat this
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Figure3: N = 1000 samplepointswith meanradial pover P; andanisotroy A; generatecy a) dart

throwing andb) Lloyd’s method.

edge.

In the original version of Lloyd’s method,the
point is moved into the centerof gravity of its
Voronoiregion. This is doneby calculatinga dis-
placementectorfor eachpoint. In our new tiling
version of the algorithm the displacementvector
is determinedby the averageof all displacement
vectorsfor the Voronoiregionsthatoccurif differ-
ent point setsare placedside by side. This affects
mostlythepointsattheborderof eachquadratidile
wherefor eachneighbordifferentVoronoi regions
aregeneratedThis procesof averagingis repeated
for eachpoint setuntil all of themfit together

Figure 5 shavs the process. Two different
Voronoi diagramsare created by two different
neighborsto a quadratictile. Due to the different
Voronoiregionsasetof displacementectorsis pro-
ducedthatis averaged.

Generally for a setof n point setson quadratic
tiles, n edgeconstraintsaareimposedon eachedge
of atile. This numbercanbe reducedby the use
of Wangtiles [13], thatallow for anaperiodictiling
of the planeby only 13 differenttiles. Shadeet al.
[11] useanalgorithmthatworkswith eighttilesand
produceso visible patternsthoughits aperiodicity
wasnotproven. In thelattercase gachedgein each

tile hasonly four possibleneighbors. This allows
the above algorithm produceresultsin reasonable
time by dramaticallyreducingtheeffort requiredfor
synchronization.

Figure 6 shawvs the resultsfor Wang-tiling point
setswith (a) N = 52 pointsand(b) N = 13 points.
Both distributionsshav corvenientspectraproper
ties that are similar to the resultsof untiled point
setsthat,howvever, aremuchmoreexpensve to gen-
erate. In both casesslightly increasedanisotroy
valuesare obsered, theseare causedoy the tiling
processitself which introducesa grid structurein
the Fourier transformthoughit is aperiodic (see
Figure?).

The overall computationtime for the point sets
with 13 points and 25 iterationswith all possible
neighbordgs about90 secondn a Pentiumlll PC
with 800 MHz, for the setswith 52 pointsand 25
iterationswe needapproximately270seconds.

4 Conclusion

We introducedan efficient methodfor generating
samplingpatternswith blue noisespectralproper
ties. Usingonly asmallnumberof progressie basis
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Figure4: Hierarchicalblue noisesampleswith with meanradial powver P; andanisotroy A;: a) adding
100 pointsto a setof 100 points, b) adding200 points, and c) adding300 points. The addedpointsare
depictedby crosses.
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Figure5: Relaxationwith multiple edgeconstraints The pointsin the currenttile aremoved by the move-
mentsdetermineddy applyingoneiterationstepfor the boundaryconditionsimposedby the changedile.

point sets,the planeis efficiently tiled in an aperi-
odic way, while still allowing for local hierarchical
supersamplingThe generategbatternsaresuperior
to Poissondisk distributions since by construction
minimal and maximal point-to-pointdistancese-
mainrestricted.

Apart from efficient antialiasing,the point pat-
ternscanbeusedn severalapplicationsvherepoint
distributionswith minimum distancepropertiesare
needed Examplesncludethe positioningof plants
[1] within plantpopulationsandstippling, whichis
anon-realisticenderingmethodusingdots[2].

An interestingppenquestiorfor futurework con-
cernsthe relation of Lloyd’s relaxationprocessto
theadaptve samplingstrateyy of Eldaretal. [4].
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Figure6: Aperiodicallytiled blue noisesamplesvith meanradial power P; andanisotroy A; usingeight

Wangtiles ata) 52 pointspertile andb) 13 pointspertile. Thescratchmarksbesideghe pointsetsindicate
thetile boundaries.

Figure7: Fouriertransformof a) a blue noisepoint setwithouttiling, b) aperiodicallytiled point setsat 52
pointspertile, andc) aperiodicallytiled point setsat 13 pointspertile. Weakgrid structuresarevisiblein
thetiled instancesUsinglesspointspertile increaseshe anisotrop.
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