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Treemapsare a well-knovn methodfor the visualizationof at-

tributed hierarchicaldata. Previously proposedTreemaplayout
algorithmsare limited to rectangularshapeswhich causegrob-
lemswith theaspectatio of therectangleaswell aswith identify-

ing the visualizedhierarchicalstructure.The approactof Voronoi

Treemapgpresentedh this papereliminategheseproblemghrough
enablingsubdvisionsof andin polygons.Additionally, this allows

for creatingTreemayvisualizationswithin areasf arbitraryshape,
suchastrianglesandcircles,therebyenablingamore e xible adap-
tationof Treemapdor awider rangeof applications.
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1 INTRODUCTION

Hierarchicalstructuresarean often usedabstractiorfor the classi-
cation, sorting,andorganizationof a broadvariety of data.Small
structurecanbeefciently representetly graphswhereador the
visualizationof largeinformationspacesheapproactof Treemaps
by ShneidermaandJohnsorj11] is anapprovedmethod.Theidea
is the space- lling recursve subdvision of a given areawithout
producingholesor overlappingswherebyareasizescorrespondo
given attributesin the dataset. Their wide variety of applications
rangesfrom family treesand organizationstructuresover le sys-
temsandsoftware structureq2] to nancial analysis[13, 26, 27],

sportsreporting[10], andmary otherareas.

Sincethe rst presentatiof Treemapsn 1991, mary different
layout algorithmshave beenintroduced. The main characteristic
of all existing Treemagayoutalgorithmsis thatthey arebasedon
the subdvisionin rectanglesln this paper Treemap$asedn the
subdvision in arbitrary polygonsare presented. Thesehave ad-
vantagesoncerningthe aspectatio of the subareasndthe inter-
pretabilityof the hierarchicaktructure.Dueto therecursve pattern

of Treemapsthis methodis not limited to layoutswithin rectan-
gles,but ratherenablesTreemapgayoutswithin circles,trianglesor
otherpolygonalshapesThis allows for amore e xible adaptation
of Treemapswithin a wider rangeof applicationsg.g. the combi-
nationof Treemagayoutswith othervisualizationtechniques.

The basicidea for the generationof polygonal Treemaplay-
outsis the utilization of centroidalVoronoitessellationg5]. This
methodis widely-usedfor enegy minimizationsin mary domains
of application,for example datacompressionjmage processing,
meshre nement,resourceplanning,scienti ¢ visualization[6]. In
the domainof information visualization,the underlying VVoronoi
tessellatioris commonlyused20, 22,18, 9], whereagheenhance-
mentto centroidalVoronoitessellationss uncommon.

In thefollowing Section2, fundamentaaspect®f Treemapsnd
correspondindayout algorithmsare discussed. Section3 intro-
ducesthe conceptof Voronoi Treemapsby explaining the theory
of Voronoitessellationstheir utilization for Treemapsandthe re-
sulting layout algorithm. A discussionof the achieved resultsis
givenin Sectior4.

2 BACKGROUND

The commonapproachfor visualizing hierarchicalstructures,so
calledtrees,aregraphs.They consistof nodesrepresentinghe ob-
jectsin thehierarcly, andedgeghatillustratethecontainmentThis
methodis ideal for small hierarchiesput not appropriatefor hier

archicalstructureswith hundredsor thousand®f nodes.The main
reasorfor thisis theunderutilization of the availabledisplayarea.
Unlike graphs,Treemapg$11] remedythis problemby subdviding

the given rectanguladisplay areaaccordingto an attributed hier

archy without producingholesor overlappings. Therebythe term
“attributed' signi es that eachnodein the hierarcly hasa value
which representdts sizerelatingto a givenmeasurement.

The constructionof Treemapss exempli ed in Figurel. Each
nodein thehierarcly hasanameandanassociatedize whereashe
sizeof aninternalnodeis the sumof the sizesof its containedeaf
nodes.The Treemags constructedia recursve subdvision of the
initial rectangle Thedirectionof eachone-dimensionadubdvision
stepalternateper level: rst horizontally next vertically, again
horizontally etc. The areasize of eachsub-rectangleorresponds
to the sizeof therepresentediode. As a resultof its construction,
the Treemapre ects the structureof the tree and the sizesof its
nodes.This original Treemagayoutis calledSlice-and-Dice.
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Figure 1: Tree and corresponding Treemap|each node is labeled
with its name and size; the area sizesin the Treemap correspond to
the node sizes



A substantiaproblemof this initial layoutalgorithmis the re-
striction of subdviding the planein eachstepsolelyin onedimen-
sion. As aresult,thin elongatedrectanglesvith a high aspectatio
betweerwidth andheightemege. Suchrectanglesaredif cult to
see,select,comparen size,andlabel[7, 23, 3]. Figure2 presents
an exampleof a real-world datasetcontaining698 nodesat 5 hi-
erarcly levels. Theleft imagevisualizesthis hierarcly with nodes
of differentsizes,wherebysmallnodesarehardto recognize.The
samehierarcly with nodesof equalsizeis presentedh therightim-
age illustratingthedivergenceof actualandpercevednodesizesin
Slice-and-Dicdayouts.Thereasorfor bothproblemss unerringly

the high aspectatio of therectangles.
[ il
H\ H I H

i

‘\ H [T
Figure 2: Slice-and-Dice Treemaplayouts of 698 nodesat 5 hierarchy
levels with nodes of dierent sizes (left) and nodes of equal size
(right)]the  high aspect ratio between width and height causesthe
hard recognition of small nodes and the bad perception of node sizes
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Consequentiallyin the further developmentof Treemagdayout

algorithmsmainly theissueof the high aspectatio wasaddressed,

for instancein ClusteredTreemapg27], Squari ed Treemapg3],

OrderedTreemapg21], and Modi able Treemaps[25]. These
algorithmsemplg/ a two-dimensionalsubdvision in eachrecur

sion step, meaninghorizontally and vertically at the sametime.

Their main optimizationcriterionis the approximationof the sub-
rectanglego the shapeof a square so that the overall aspectra-
tio betweenwidth and heightof the sub-rectangless minimized.
Aside from the aspectatio criterion, othercriteria have alsobeen
consideredFor example the orderof nodesor the nearnessf two

or more nodes,wherebytheseother criteria are mostly relatedto

therespectie applicationdomain.A demonstratie memberof this

groupof adwancedTreemapayoutalgorithmsis presentedn Fig-

ure 3, visualizingthe samedatasetasin Figure2 with a Squari ed

Treemagpayout. Similarly, nodesof differentsizesareshovnin the
left imageandnodesof equalsizein the right image. Obviously,

thislayoutalgorithmmaintainsamuchbetteraspectatio, resulting
in abetterseparatiorof the nodesandperceptiorof their sizes.
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Figure 3: Squaied Treemap layouts of the samedata set asin Fig-
ure 2|the interpretation of the hierarchical structure is ambiguous
and often edgesseeminglyrun into each other

Disadwantageousn the mentionedsophisticatedcalgorithmsis
the unclearrepresentationf the hierarchicalstructure whereast
is preseredby Slice-and-Dicelreemagayouts.For example,Fig-
ure2 clearlyrepresents hierarcly with aroot nodecontainingsix
child nodeswhichis conformto thedataset. Theindicationthere-
for isthealternatinghorizontalandverticalsubdvision. In contrast,
this obsenation cannot be madein Figure 3. Herethe numberof
child nodesof theroot nodeis ambiguousA variantis arootnode
with two child nodesA andB, wherebyA containstwo andB four
of the original six child nodes.Aside from this example,morede-
lude interpretationsare possible. The reasonfor not producinga
one-to-onemappingbetweerthe hierarchicaktructureandthe cor
respondingTreemaplayout, is the grouping of nodesduring the
subdvision. For example,in the Squari ed Treemagdayoutshavn
in Figure 3 the two largestnodesare vertically divided from the
otherfour smallernodesdueto the functioning of the algorithm.
This “internal’ division stepmay be interpretecasbranchingn the
hierarchicaktructure.

Anotherproblemof the existentalgorithmsareedgeghatseem-
ingly run into eachother wherebya distinctionof nodesbetween
andwithin differenthierarcly levels becomeseven moredif cult.
The reasonis the still limited degreeof freedomin eachsubdvi-
sionstep.By aligningeachedgeonly horizontallyor vertically, the
probability that the end point of an edgeis nearthe startingpoint
of anotherequallyalignededgeis quite high, which resultsin the
impressionof one single edgeinsteadof two separateedges.De-
pendingon the hierarchicabositionof thenodesthatareseparated
by thesetwo edgesthe interpretationof the hierarchicalstructure
may befurtherdeludedby thevisualization.

The representatiof the hierarchicalstructureis a crucial re-
quirementto Treemaps. Already Shneidermarand Johnsonen-
hancedheir initial Treemapayoutsby assigningoordersin every
subdvision step, called NestedTreemapg11]. The approachof
CushionTreemap$24] emplgys shadingo improve theperception
of structureby feigningspeculare ection andtherebysimulatinga
cunedsurface.This methodis alsoadaptedor theenhancemerdf
NestedTreemapsgo FramedTreemap$3], resultingin quasi-three-
dimensionalborders. Another option is to usetransparencief?]
to hide uninterestingor unwantedparts of the hierarcly. These
layout-independemhethodscanbeappliedto theexisting Treemap
algorithmsandmay reduce but do not prevent, misinterpretations
concerninghe hierarchicaktructure.

So far, all existent Treemaplayout algorithmshave one thing
in common: they are basedon and are therebyrestrictedto axis-
alignedrectangles A slight exceptionare ET-Maps[19] thatgen-
erateshapesomposedf axis-alignedrectanglesbut their general
appearances identical. This limited degreeof freedomdrastically
restrictsthespaceof layoutvariability. Theissueof highaspecta-
tiosandmisinterpretationsoncerninghehierarchicaktructureare
consequentiasymptoms. Additionally, this restrictionto rectan-
glesimpliesthatthelayoutof Treemapganonly take placewithin
rectanguladisplay areas. More complex shapedike circles, tri-
angles,and arbitrary polygonsare not possible. Although, these
shapesmay not be necessaryf Treemapvisualizationsare used
independently However, by embeddingTreemaplayoutswithin
morecomple visualizationsa betteradaptabilityis quite usefulor
evennecessary

Hence, the approachof Voronoi Treemapsis presented.en-
ablinga polygon-basedwo-dimensionakubdvision following the
Treemapparadigm.lt offerslow aspectratios,betterinterpretabil-
ity of hierarchicabtructuresand e xible adaptabilityregardingthe
enclosingshape.



3 VORONOI TREEMAPS

Global application-independembnstraintsand optimizationcrite-
ria for a Treemagayoutregardingthe shapeof the Treemapsubar
easare:

1. Constaint: The division in subareasnustfully utilize the
givenoverall areatherebyavoiding holesandoverlappings.

2. Optimizationcriterion: Subareashouldhave an overall as-
pectratio betweerwidth andheightthatconvergesto one.

3. Optimizationcriterion: Siblingsin the hierarcly shouldnot
be groupedduring the layout process,thereby making the
identi cation of the hierarchicaktructurenon-ambiguous.

4. Optimizationcriterion: Subareasf the Treemapshouldhave
non-r@ularshapesothatedgesetweerthe subareaslo not
seeminglyruninto eachother

Ohlviously, polygonscan be usedfor the division of a given
areainto subareasA polygonis de ned asa closedplane gure
with n sides. Eachpolygoncanbe subdvided into smallerpoly-
gons,herebysatisfyingthe constrainhumberl. Polygonscanhave
arbitrary shapesand polygonswith mary sidescanapproximate
curves.Both referto the optimizationcriterianumber2, 3, and4.

The principle structureof the layoutalgorithmis similar to the
original Treemaplayout algorithm. The rst stepis to createa
polygonal subdvision of the given display areaaccordingto the
top hierarcly level. Theoutputis asetof polygonsrepresentinghe
nodesof thetop hierarcly level. For the next hierarcly level, this
proceduraés performedecursvely for all toplevel nodeswithin the
respectie polygons.Whentherecursiorends acompleteTreemap
layoutis obtained.

The basic conceptfor generatingpolygonal subdvisionsiis to
utilize Voronoitessellations.They enablean iteratively computa-
tion of goodlayoutsin accordancéo the given constraintand op-
timization criteria. Finding an optimal solutionis a NP-complete
problem—eenfor layoutsbasedn axis-alignedrectanglesHow-
ever, a good approximationis sufcient for Treemaps.To clearly
corvey theideaof VVoronoi Treemapsnecessartheoreticaknowl-
edgeof Voronoitessellationss givenin thesubsequerection3.1.
Thelayoutalgorithmfor computingVoronoiTreemapss explained
in detailin Section3.2.

3.1 Voronoi Tessellations

Voronoi tessellationsenablethe partitioning of a m-dimensional
spacewithout producingholesor overlappings.For an easierun-

derstandingf their underlyingtheory the explanationsn this sec-
tion arerestrictedo relevantaspectsegardingtheir applicationfor

Treemapayouts.Hereonly planar\Voronoitessellationsn thetwo-

dimensionaEuclidianspaceareconsideredAll de nitions andde-

notationsareaccordingo [17, 5].

points are the genemtors. The subdiision of RZ into n Voronoi
regions V(p;), with the property that a point q(x;y) lies in the
region V() if andonly if distancepj;q) < distance pj;q) for
eachpi;pj 2 P with i 6 |, is de ned asthe Voronoi tessellation
V (P) := fV(p1);:::;V(pn)g- Thedenotatiordistancd p;; q) repre-
sentsa speci ed distancefunction betweenthe generatorp; and
the point q. In general,a Voronoi tessellationis de ned in an
unboundedspace. Having a boundedspaces, the set\W, g(P) :=

fV(p1)\ S:;V(pn)\ Sgis calledaboundedvoronoitessellation

of P by S An ordinary Voronoi tessellationVe(P) is a Voronoi
tessellatiorusingthe Euclidianmetric,de ned by

q__

distance(pi;a) == kpi k= (6 X2+ (i Y2 (D)
astheir distancefunction. The bisectorof two regionsVe(p;) and
Ve(pj) of anordinaryVoronoitessellationss the perpendiculabi-
sectorof thegeneratorg; andp;j. Exampledor anunboundecnd
a boundedplanarordinary Voronoi tessellationare given in Fig-
ured.

Figure 4: Unbounded and bounded planar ordinary Voronoi tessella-
tion

Weighted Voronoi Tessellations: In the basicVoronoites-
sellationV (P) it is implicitly assumedhateachgeneratohasthe
sameweight. As anextension a setof parameter§/ maybegiven,
andto eachgeneratomp; 2 P aparametew; 2 W is assignedThese
parametersre the weights. By using weightedgeneratorsit is
possibleo de ne weighteddistanceunctions,generatingveighted
\oronoitessellationsd/ (P,W).

An additively weightedVoronoi tessellationVaw(P,W), briey
the AW Voronoitessellationusesthe following distancefunction
betweera generatoip; 2 P with its assignedveightw; 2 W anda
pointq:

distancew(pi;wi;d) := kpi ok w;. 2
The bisectorof two regionsVay(pi;Wi) andVaw(pj;w;j) of anAW
Voronoitessellationdorms a hyperboliccurve with foci p; andp;.
Theleft imagein Figure5 presentanexamplefor an AW Voronoi
tessellation.

Thedistanceunctionfor the additivelyweightedoower\Voronoi
tessellationd/pw(P, W), brie y PW Voronoitessellationis:

distancepw(pi;wi; ) == kpi - ak®  wi. 3)
This distancefunctionyields a bisectorof two regionsVpw( pi; wi)
andVpw(pj;wj) thatis a straightline. The bisectorcorresponds
to the perpendiculabisectorof p; and p; moved avay from their
midpointdependingn their weightsw; andw;j. Therightimagein
Figure5 presentanexamplefor a PW Voronoitessellation.

Both, the AW andthe PW Voronoi tessellationmay be illus-
tratedas VVoronoi tessellationghat are usingcirclesasgenerators.
This is obvious, if circlesare consideredas pointswith a size or
weightparameterTherebytheweightw; in the AW distanceunc-
tion representslirectly the radiusof the circle, whereasn the PW
distancdunction,w; is the squareof theradius.To satisfythe con-
tinuity of AW Voronoitessellationsthe circlesare not allowed to
overlap. Additionally, the abstractiorof circleswith negative radii
hasto bemadein orderto achieve the completespectrunof possi-
ble Voronoitessellationgor the AW andthe PW distancefunction.



10000 20000

100
30000

20

50000

60000
7000

| 80 5000

Figure 5: Weighted Voronoi tessellationsusing the AW and the PW
distance function

Centroidal Voronoi Tessellations: The centerof mass,or
centroid,¢; of a Vorggoiregion V(p;) within the Euclidianspace
is calculatedby ¢; = V(p) xdx. A centoidal Voronoi tessellation
briey CVT, is aspecialVoronoitessellatiorwith the propertythat
eachgeneratop; is itself thecenterof massc; of thecorresponding
VoronoiregionV(p;). Obviously, thereexist mary differentCVTs
for agivennumberof generators.

Themathematicaimportanceof the CVT is foundedby its rela-
tionshipto theenegy function

z
K (PRV(P) =8 o

i pi

pik2dx. (4)

It is proventhata necessargonditionfor K (P, V (P)) to be min-

imizedis thatV (P) isa CVT [5]. Sinceto nd aCVT of agiven

numberof generatorsvith K (P,V (P)) in a global minimum is

NP-completd5], approximation®f CVTs thatarelocatedin local

minimaof K (P, V (P)) areused. CVTs canbe iteratively com-

putedwith the Lloyd's method[16]: By startingwith aninitial dis-

tribution of generator® within aboundedlanes, in eachiteration

stepeachgeneratomp; 2 P is movedinto thecenterof massc; of its

Voronoiregion\ s(pi) 2 W\ s(P). Thisiterative computatiorstops
whenthe differencebetweereachgeneratorp; andits correspond-
ing centerof massc; is below a chosererrorthresholde. Figure6

exempli es this method.

Figure 6: Voronoi tessellation of 20 random points and an assai-
ated CVTltraces illustrate the movements of the points during the
computation of the CVT

The conceptof CVTs canbe generalizedo non-Euclidiandis-
tancefunctionsandspacesand canalsobe extendedto weighted
VoronoitessellationsTheonly prerequisitds thatthe existenceof
a however de ned centerof massfor eachVoronoiregion is guar
anteed.

Computational Complexity and Algorithms: A lower
boundof the worst-casdime complexity for constructingthe or-
dinary VoronoitessellatiorVe(P) of n generatorss O(nlogn). A

lower boundof the spacecompleity for computingVe(P) is O(n)
in the worst case. Both lower boundsfor Ve(P) aretight in the
sensahatactuallythereexist optimalalgorithmshaving thesdower
bounddq17].

Thecomputation®f the AW Voronoitessellation/aw(P, W) and
the PW Voronoi tessellationVpw(P,W) have the sametime and
spacecompleity asVe(P) in the worst case. Optimal algorithms
are existent, for instance[8] for Vaw(P,W), and[1, 14, 15] for
Vow(PW).

Thetime compleity of theiterative computatiorof anapproxi-
mationof aCVT is O(dOy ) with d asthenumberof iterationsand
Oy asthecompleity of the usedVoronoitessellation.Therebyd
is notdirectly relatedto the numberof generatorshut ratherto the
minimal approximatiorerrorthatshouldbe achieved, andit there-
fore doesnot affect the overall compleity. The compleity of the
calculationof the centersof massof a Voronoi region doesalso
not affect the overall compleity, becausét is only O(n), andeach
Voronoitessellatiorhasat leasta time compleity of O(n). Thus,
the overall time compleity for computingthe approximationof a
CVT is equalto the time compl«ity of the usedVoronoitessella-
tion. NeverthelessCVT algorithmsareverytime-consumingsince
often mary iterationsare necessaryor obtaininga good approxi-
mation. By taking adwantageof the factthatit is not necessaryo
calculatethe Voronoitessellationstself for obtaininga CVT, it is
possibleto usedistributed computingenvironmentsfor their com-
putation[12]. Theideais to calculateonly the centersof massin
eachiteration stepby using large randomsetsof discretesample
points. This methodachievesa nearlyperfectlinear speed-upvith
the numberof processorsised,and hasthe sametime compleity
astherespectie Voronoitessellation The spacecompleity of the
iterative computatiorof anapproximatiorof aCVT is O(n).

3.2 Voronoi TreemapAlgorithm

The principle structureof the algorithmis similar to the recursve
structureof the original Treemaplayout algorithm. The modi -
cationfor Voronoi Treemapss appliedto the subdvision in each
recursionstep. Thereforthe computatiorof the centroidalVoronoi
tessellationis utilized.

CVTs enablethe subdvision of a given areawithout producing
holesandoverlappingswhich satis esthe constraintfor Treemap
layouts. CVTs minimize the overall enegy of the Voronoitessel-
lation. The enepgy of the CVT is therebyequivalentto the overall
aspectatio of the subareasf the Treemagayout[5], whichrefers
to optimizationcriterion number2. In a VVoronoitessellatioreach
generatoris treatedseparatelyfrom the other generators.CVTs
arespecialcasef Voronoitessellationsandthereforealsodo not
group their generators. This refersto the optimization criterion
number3. Non-degyenerated/erticeswithin Voronoi tessellations
arisefrom threegeneratorshat have the samedistanceto a point,
wherebyeachnon-dgeneratedrertex is assignedo threeedges.
The enegy minimizationin CVTs simultaneouslyminimizesthe
numberof degenerated/ertices,and maximizesthe distancese-
tweenverticesandthe anglesbetweerthe edgesf avertex [5]. In
combinationwith the generalnon-regular topology of CVTS, this
refersto the optimizationcriterionnumber4. Concludingit canbe
statedthat CVTs aresuitablefor generatinggood Treemagayouts
in referenceo the given constraintandoptimizationcriteria.

The essentialcharacteristioof Treemapsis that their subarea
sizescorrespondo the sizesof thenodesin the hierarcly. In stan-
dard CVTs usingthe Euclidiandistancefunction, the sizesof the
Voronoiregionsareroughly the same which disquali es themfor
the generatiorof Treemaplayouts. CVTs with weighteddistance
functionshave the propertyto producedivisionswith variablesized
subareas.The problemis that during the computationof a CVT
with an arbitrarily de ned distancefunction, the areasizesof the



Voronoiregionsarenot obsered. For thatreasonan extensionof
thestandardCVT computatiormethodis necessarin orderto con-
trol thesizeof every Voronoiregion. Theideais to adaptvely alter
theweightparameteof eachgeneratoin thenext iterationstepac-
cordingto the size of the dedicatedvoronoiregion in the current
iterationstep. For example,if the size of a nodein the hierarcly
is 20% of the size of the parentnode,andin the currentiteration
stepthe dedicatedvoronoi region coversonly 16% of the overall
area,it is tried to increasethe areasize of this Voronoiregion in
the next iterationstepfrom 16% to 20% by increasingthe weight
of thegeneratoby 25%. Dueto thefactsthattherelationbetween
theweightof ageneratoendtheareasizeof thededicated/oronoi
region is not a linear dependeng andthe weight and positionsof
the othergeneratorsirechangingatthe sametime, the correctarea
sizeis mostlikely not achiezedin the next iterationstep. Ratherit
is presumedhatabetterapproximatioris obtained By performing
theseadjustmentf the generatomweightsin eachiteration step,
the computatiorstopsin a stablestate wherebythe error between
the designatedelative size of eachnodein the hierarcly andthe
relative areasizeof the dedicated/oronoiregionis belov achosen
maximumerrore. Thisextendedcomputatiormethodfor weighted
CVTs for the generatiorof Treemapayoutsis furtheroutlinedby
meanf Algorithm 1.

Algorithm 1 VoronoiTreemapsubdvision

Input: boundedplane S in RZ; set of n values Agesied =
, 1anda jgegeq = 1; €F
ror thresholde

Output: subdvision of S in n disjoint subareass;

AreaSze(s) .
AreaSze(S) Bigesica < €

S with

1: initialize asetof npointsP := f py; . phgwith p; 2 S pi 6 pj

2: initialize asetof n weightsW := fwyq;::;;whgwithw; = 1

3: initialize adatastructurefor the Voronoitessellation/, s(P,W)

4: repeat

5:  CompueVoronoiTesselation(\Vy s(P,W))

6: dable= true

7: initialize asetof nvaluesA := fay;:::;;ang

8: for eacha; 2 Ado

9: = %w with Voronoi region V(pj;w;) 2
Vi s(RW)

10: if jai agesied €then

11 gable= false

12: endif

13:  endfor

14: for eachw; 2 W do

15: AdjugWeight (Wi; aj; i yeqeq)
16: endfor

17:  MoveGeneators(P,W;V\ s(P,W))
18: until stable== true

19: ExtracdSubareag\, s(P,W))

In generalarbitraryweighteddistanceunctionsmaybeusedfor
thedescribedsubdvisionalgorithm.Howeverfor theapplicationof
Treemapsandthe given optimizationcriteria, especiallythe addi-
tively weighteddistancefunction—with restrictionto distributions
equivalentto non-overlappingcircles—andheadditively weighted
power distancefunction arequali ed. This is causeddy the con-
tinuoustopologyof their resultingVVoronoiregions. Thedifference
betweenthe AW andthe PW Voronoi tessellationis the shapeof
the bisectorof two regions. AW Voronoi tessellationsreatehy-
perboliccurves,andPW Voronoitessellationgreatestraightlines.
Thus,it hasto bedistinguishedetweenAW Voronoi Treemapsand
PW\obronoi TreemapsAdditionally, thedifferentcharacteristicsf

the AW andPW distancegunctionsnecessitata differenthandling
of the auxiliary functionsAdjugWeigh() andMoveGeneators()
in Algorithm 1.

Duringthecomputatiorof AW VoronoiTreemaysubdvisions, it
is necessaryhattheweightparametew; canhave negative values.
If not,it maybepossiblehattheareasizeerrorof smallregionswill
notgetbelow thechosererrorthresholde. Furthermorethespecial
casehasto be obseredthattheweightw; in AW tessellationsloes
not becomezeroor nearbyzero. Therefore,it hasto be checled
agninstavery smallvalued. In contrastaccordingto experience,
the convergenceof the algorithmfor PW Voronoi Treemapsubdi-
visionsis improved, if eachw; 1. The resultingalgorithmsfor
the AdjugWeight() function areoutlinedin Algorithm 2 for AW
VoronoiTreemapsndin Algorithm 3 for PW VoronoiTreemaps.

Algorithm 2 AdjugsWeight() for AW VoronoiTreemaps

Input: weightvaluew;; areasizevaluea;; desiredareasizevalue
aidesived 6 0

Output: adjustedveightvaluew;

:0<dn 1
if jwj < dthen

w; = signw;) d
: endif
DWW jwj

a‘desired a
aideslred

Algorithm 3 AdjugWeigtt() for PW VoronoiTreemaps

Input: weightvaluew;; areasizevaluea;; desiredareasizevalue
aidesired 6 O

Output: adjustedveightvaluew; withw; 1

1+ Bdesiea &

desired

W= W

if wy < 1then
w=1

. endif

For grantingcontinuousAW Voronoi regionsduring the subdi-
vision algorithm, it is requiredthat the distribution of generators
in combinatiorwith the accordingweightsis equivalentto a distri-
bution of non-overlappingcircles. This canbe achieved by again
adjustingtheweightsafterthegeneratorfiave beenmovedinto the
centersof massof thededicated/oronoiregions,while keepingthe
ratio betweerthe weights. Therebyall weightsaremultiplied by a
maximumfactor sothatfor eachsubsebf generator$ pi; pjg P,
withi 6 j, theirEuclidiandistances notsmallerthanthesumof the
assignedveightsw; andwj. Algorithm 4 outlinestheimplementa-
tion of thefunctionMoveGeneators() for AW Voronoi Treemaps.
For PW Voronoi Treemapsno additionalconditionsmustbe sat-
ised. Thus, the function MoveGeneators() for PW Voronoi
Treemapss reducedo moving eachgeneratomp; into the centerof
massof the dedicatedvoronoiregion Vpw(pi; wi) 2 Vpw s(PW)).
Theformal declaratiorof analgorithmis setaside.

For the standard CVT computation method with constant
weights, it hasbeenshavn that the enegy K (P, V (P)) in itera-
tioni is lowerthantheenegy K; 1(P,V (P)) initerationi 1,and
thereforethe computationstopsin alocal minimum [5]. This can-
not be provenfor the extendedCVT computatiormethodbecause
of the permanentlychangingweightsof the generatorsNeverthe-
less, from experienceit canbe statedthatin most casesthis ex-
tendedCVT computatiormethodalsostopsin alocal minimum. If
not, this problemcanbe remediedby are-initializationof the gen-
eratorswith new randompositions. Aside from the enegy of the



Algorithm 4 MoveGeneators() for AW Voronoi Treemaps

Input: setof n points P := f py;:::; png; setof n weightsW :=
fwy; i wng; AW VoronoitessellationVaw s(P,W)

Output: set of n points P = fpg;:ipng with p =
CerterOfMasgVaw(pi;wi)) and Vaw(pi;wi) 2 Vaw s(PW);
setof n weightsW := fwy;::;;whg with kp; p,—k2 (w; +
wj) Oforfpi;pjg P,i6 ]

1: for eachp; 2 Pdo

2:  pi = CenterOfMasgVaw(pi;wi)) with Vaw(pi;w) 2
Vaw s(P,W)

3: endfor

4: fadorWeigh = ¥

5: for eachf pj;pjg Pwithi6 jdo

k2

6: f= ke\lli+5\lljk

7. if 0< f < fadorWeigh then

8: facdorWeigh = f

9: endif

10: endfor

11: if facdorWeigh < 1then
12:  for eachw; 2 W do

13: wi = w; fadorWeigh
14: endfor

15: endif

Voronoitessellationthe areasizeerrorof eachVoronoiregion and
the overall areasizeerroris alsoreducedduring the computation.
Indeed,at the endof the computationthis error doesnot residein
alocal minimum, but ratherbelon a chosenthresholde. Figure7
illustratesa typical corvergenceof the maximumareasizeerror of
a Voronoi region and of the overall areasize error of the Voronoi
tessellationduring the computationof a CVT with an AW anda
PW distancedunction. Thedatasetconsistedf tengeneratorsvith
differentsizes.Theareasizeerrorof eachVoronoiregion wasless
than0.1%at iteration 185 for the AW distancefunction, andat it-
eration206 for the PW distanceunction.

Figure 7: Typical convergenceof the maximum area size error of
a Voronoi region and of the overall area size error of the Voronoi
tessellation during the computation of a CVT with an AW and a PW
distance function

The entire AW andPW Voronoi Treemapayoutsaregenerated
by usingthedescribeccomputatiorof CVTsin thesubdvisionstep
of the Treemagprecursion.Figure8 presentghe resultfor a layout
with the AW distancdunction,andFigure9 presentsheresultfor a
layoutwith the PW distancefunction. All fourimagesusethedata

setwith 698nodesat5 hierarcly levels,asin theexamplesof Slice-
and-Diceand Squari ed Treemapayoutsin Section2. Again, the
leftimagesvisualizethehierarcly with nodesof differentsizesand
theright imageswith nodesof equalsize.

Figure 8: AW Voronoi Treemap layouts of the same data set as in
Figure 2 with nodes of di erent sizes(left) and nodes of equal size

(right)

Figure 9: PW Voronoi Treemap layouts of the same data set as in
Figure 2 with nodes of di erent sizes(left) and nodes of equal size
(right)

Similarly to the otherTreemagayoutalgorithms .enhancements
like borders adaptve edgesizes,cushionscoloring, etc.,mayalso
be appliedto the describedayout method. This additionally sup-
portsthe userin the perceptionandinterpretationof the Treemap
visualization. Examplesfor suchenhanced/oronoi Treemaplay-
outsarepresentedh Figures10-12.

4 DISCUSSION

This paperpresentsa new approactfor the generatiorof Treemap
layouts. Contraryto existentlayout algorithmsthat are basedon
the subdvision in rectanglesthis nev layout algorithm enables
the subdvision in arbitrary polygons. This also allows to create
Treemapvisualizationswithin areasof arbitraryshapesuchascir-
clesor triangles.The evidencefor the suitability of theintroduced
layout method has beenproducedby the constraintsand global
application-independemtptimizationcriteriafor Treemaps Espe-
cially, the minimization of the overall aspectatio of the subareas
is explicitly attributedto the proven enegy minimizationin cen-
troidal Voronoi tessellations.This minimization doestherebynot
entail ambiguitiesof the interpretabilityof the hierarchicalstruc-
turein thevisualization,suchasobseredin otherTreemagdayout
algorithms.

Becauseof theintricacgy of the expandeddegreeof freedomfor
thesdayouts thepresentednethodteratively computesanapprox-
imation of a layoutwith an error belov a desiredthreshold. De-
pendingon this threshold,the numberof iterationsrequiredmay



Figure 10: Enhanced AW Voronoi Treemap layout of 4075 nodes at
10 hierarchy levels(a brighter color indicates a lower hierarchy level)

becomevery large. Thus,with regard to computationtime, other
Treemaplayout algorithmsoutperformthis methodby far. This
problemis diminished by using distributed computing erviron-
ments. The recursve structureof the Treemapalgorithmandthe
ability to massiely parallelizethecomputatiorof theCVTs,enable

an almostperfectlinear scalability with the numberof processors

used.In the existing prototypeimplementatiorof the layoutalgo-
rithm, a variablenumberof computesenersis utilized to generate
evenlarge Treemapayoutswithin a reasonabléime—usingeight
Intel XeonCPUseachwith 2.4 GHz, the computatiorof Figure10
required7:13minutesandthatof Figurel1required5:48minutes.
Indeed this methodis not appropriatdor realtime calculation.

In futurework, thepropertiesandabilitiesof thepresentedayout
methodwill be studiedextensiely. For example,therestrictionof
the movementof the generatorsandthe temporalcoherencef the
subareasyill beinvestigated. Thatwill permitorderedayouts,and
the visualizationof time-variantdatasetsrespectrely. Also, adap-
tationsof the presentednethodto other layout problemsoutside
the Treemapdomainwill beaddressedsuchasthe visualizationof
georeferencedtatisticaldata.
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