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ABSTRACT

Treemapsare a well-known methodfor the visualizationof at-
tributed hierarchicaldata. Previously proposedTreemaplayout
algorithmsare limited to rectangularshapes,which causesprob-
lemswith theaspectratioof therectanglesaswell aswith identify-
ing thevisualizedhierarchicalstructure.Theapproachof Voronoi
Treemapspresentedin thispapereliminatestheseproblemsthrough
enablingsubdivisionsof andin polygons.Additionally, this allows
for creatingTreemapvisualizationswithin areasof arbitraryshape,
suchastrianglesandcircles,therebyenablingamore�e xible adap-
tationof Treemapsfor awider rangeof applications.

CR Categories: H.5.2 [InformationInterfacesandPresentation]:
User Interfaces;I.3.6 [MethodologyandTechniques]:Interaction
Techniques;I.3.8 [ComputerGraphics]:Applications

Keywords: VoronoiTreemaps,InformationVisualization,Hierar-
chies,Trees,Treemaps,VoronoiTessellations

1 I NTRODUCTI ON

Hierarchicalstructuresareanoftenusedabstractionfor theclassi-
�cation, sorting,andorganizationof a broadvarietyof data.Small
structurescanbeef�ciently representedby graphs,whereasfor the
visualizationof largeinformationspacestheapproachof Treemaps
by ShneidermanandJohnson[11] is anapprovedmethod.Theidea
is the space-�lling recursive subdivision of a given areawithout
producingholesor overlappings,wherebyareasizescorrespondto
given attributesin the dataset. Their wide variety of applications
rangesfrom family treesandorganizationstructuresover �le sys-
temsandsoftwarestructures[2] to �nancial analysis[13, 26, 27],
sportsreporting[10], andmany otherareas.

Sincethe�rst presentationof Treemapsin 1991,many different
layout algorithmshave beenintroduced. The main characteristic
of all existing Treemaplayoutalgorithmsis that they arebasedon
thesubdivision in rectangles.In this paper, Treemapsbasedon the
subdivision in arbitrary polygonsare presented.Thesehave ad-
vantagesconcerningtheaspectratio of thesubareasandthe inter-
pretabilityof thehierarchicalstructure.Dueto therecursivepattern

of Treemaps,this methodis not limited to layoutswithin rectan-
gles,but ratherenablesTreemaplayoutswithin circles,trianglesor
otherpolygonalshapes.This allows for a more�e xible adaptation
of Treemapswithin a wider rangeof applications,e.g. thecombi-
nationof Treemaplayoutswith othervisualizationtechniques.

The basic idea for the generationof polygonal Treemaplay-
outsis the utilization of centroidalVoronoi tessellations[5]. This
methodis widely-usedfor energy minimizationsin many domains
of application,for exampledatacompression,imageprocessing,
meshre�nement,resourceplanning,scienti�c visualization[6]. In
the domainof information visualization,the underlyingVoronoi
tessellationis commonlyused[20,22,18,9], whereastheenhance-
mentto centroidalVoronoitessellationsis uncommon.

In thefollowing Section2, fundamentalaspectsof Treemapsand
correspondinglayout algorithmsare discussed. Section3 intro-
ducesthe conceptof Voronoi Treemapsby explaining the theory
of Voronoi tessellations,their utilization for Treemaps,andthere-
sulting layout algorithm. A discussionof the achieved resultsis
givenin Section4.

2 BACK GROUND

The commonapproachfor visualizing hierarchicalstructures,so
calledtrees,aregraphs.They consistof nodesrepresentingtheob-
jectsin thehierarchy, andedgesthatillustratethecontainment.This
methodis ideal for small hierarchies,but not appropriatefor hier-
archicalstructureswith hundredsor thousandsof nodes.Themain
reasonfor this is theunder-utilization of theavailabledisplayarea.
Unlike graphs,Treemaps[11] remedythis problemby subdividing
the given rectangulardisplayareaaccordingto an attributedhier-
archy without producingholesor overlappings.Therebythe term
`attributed' signi�es that eachnode in the hierarchy hasa value
which representsits sizerelatingto agivenmeasurement.

Theconstructionof Treemapsis exempli�ed in Figure1. Each
nodein thehierarchy hasanameandanassociatedsize,whereasthe
sizeof aninternalnodeis thesumof thesizesof its containedleaf
nodes.TheTreemapis constructedvia recursive subdivisionof the
initial rectangle.Thedirectionof eachone-dimensionalsubdivision
stepalternatesper level: �rst horizontally, next vertically, again
horizontally, etc. The areasizeof eachsub-rectanglecorresponds
to thesizeof therepresentednode.As a resultof its construction,
the Treemapre�ects the structureof the tree and the sizesof its
nodes.ThisoriginalTreemaplayoutis calledSlice-and-Dice.

Figure 1: Tree and corresponding Treemap|each node is labeled
with its name and size; the area sizesin the Treemap correspond to
the node sizes



A substantialproblemof this initial layout algorithmis the re-
strictionof subdividing theplanein eachstepsolelyin onedimen-
sion. As a result,thin elongatedrectangleswith a high aspectratio
betweenwidth andheightemerge. Suchrectanglesaredif�cult to
see,select,comparein size,andlabel [7, 23,3]. Figure2 presents
an exampleof a real-world datasetcontaining698 nodesat 5 hi-
erarchy levels. Theleft imagevisualizesthis hierarchy with nodes
of differentsizes,wherebysmallnodesarehardto recognize.The
samehierarchy with nodesof equalsizeis presentedin theright im-
age,illustratingthedivergenceof actualandperceivednodesizesin
Slice-and-Dicelayouts.Thereasonfor bothproblemsis unerringly
thehighaspectratioof therectangles.

Figure 2: Slice-and-DiceTreemaplayouts of 698 nodesat 5 hierarchy
levels with nodes of di�erent sizes (left) and nodes of equal size
(right)|the high aspect ratio between width and height causesthe
hard recognition of small nodesand the bad perception of node sizes

Consequentially, in thefurtherdevelopmentsof Treemaplayout
algorithmsmainly theissueof thehigh aspectratio wasaddressed,
for instancein ClusteredTreemaps[27], Squari�ed Treemaps[3],
OrderedTreemaps[21], and Modi�able Treemaps[25]. These
algorithmsemploy a two-dimensionalsubdivision in eachrecur-
sion step, meaninghorizontally and vertically at the sametime.
Their mainoptimizationcriterion is theapproximationof thesub-
rectanglesto the shapeof a square,so that the overall aspectra-
tio betweenwidth andheightof the sub-rectanglesis minimized.
Aside from theaspectratio criterion,othercriteriahave alsobeen
considered.For example,theorderof nodesor thenearnessof two
or morenodes,wherebytheseothercriteria aremostly relatedto
therespectiveapplicationdomain.A demonstrativememberof this
groupof advancedTreemaplayoutalgorithmsis presentedin Fig-
ure3, visualizingthesamedatasetasin Figure2 with aSquari�ed
Treemaplayout.Similarly, nodesof differentsizesareshown in the
left imageandnodesof equalsizein the right image. Obviously,
this layoutalgorithmmaintainsamuchbetteraspectratio,resulting
in abetterseparationof thenodesandperceptionof their sizes.

Figure 3: Squari�ed Treemap layouts of the samedata set as in Fig-
ure 2|the interpretation of the hierarchical structure is ambiguous
and often edgesseemingly run into each other

Disadvantageousin the mentionedsophisticatedalgorithmsis
the unclearrepresentationof the hierarchicalstructure,whereasit
is preservedby Slice-and-DiceTreemaplayouts.For example,Fig-
ure2 clearlyrepresentsa hierarchy with a root nodecontainingsix
child nodes,which is conformto thedataset.Theindicationthere-
for is thealternatinghorizontalandverticalsubdivision. In contrast,
this observationcannot bemadein Figure3. Herethenumberof
child nodesof theroot nodeis ambiguous.A variantis a root node
with two child nodesA andB, wherebyA containstwo andB four
of theoriginal six child nodes.Asidefrom this example,morede-
lude interpretationsarepossible. The reasonfor not producinga
one-to-onemappingbetweenthehierarchicalstructureandthecor-
respondingTreemaplayout, is the groupingof nodesduring the
subdivision. For example,in theSquari�edTreemaplayoutshown
in Figure 3 the two largestnodesare vertically divided from the
other four smallernodesdue to the functioningof the algorithm.
This `internal' division stepmaybeinterpretedasbranchingin the
hierarchicalstructure.

Anotherproblemof theexistentalgorithmsareedgesthatseem-
ingly run into eachother, wherebya distinctionof nodesbetween
andwithin differenthierarchy levels becomeseven moredif�cult.
The reasonis the still limited degreeof freedomin eachsubdivi-
sionstep.By aligningeachedgeonly horizontallyor vertically, the
probability that the endpoint of an edgeis nearthe startingpoint
of anotherequallyalignededgeis quitehigh, which resultsin the
impressionof onesingleedgeinsteadof two separateedges.De-
pendingon thehierarchicalpositionof thenodesthatareseparated
by thesetwo edges,the interpretationof the hierarchicalstructure
maybefurtherdeludedby thevisualization.

The representationof the hierarchicalstructureis a crucial re-
quirementto Treemaps. Already Shneidermanand Johnsonen-
hancedtheir initial Treemaplayoutsby assigningbordersin every
subdivision step,called NestedTreemaps[11]. The approachof
CushionTreemaps[24] employsshadingto improvetheperception
of structureby feigningspecularre�ection andtherebysimulatinga
curvedsurface.Thismethodis alsoadaptedfor theenhancementof
NestedTreemapsto FramedTreemaps[3], resultingin quasi-three-
dimensionalborders. Anotheroption is to usetransparencies[2]
to hide uninterestingor unwantedpartsof the hierarchy. These
layout-independentmethodscanbeappliedto theexistingTreemap
algorithmsandmayreduce,but do not prevent,misinterpretations
concerningthehierarchicalstructure.

So far, all existent Treemaplayout algorithmshave one thing
in common: they arebasedon andaretherebyrestrictedto axis-
alignedrectangles.A slight exceptionareET-Maps[19] thatgen-
erateshapescomposedof axis-alignedrectangles,but their general
appearanceis identical.This limited degreeof freedomdrastically
restrictsthespaceof layoutvariability. Theissuesof highaspectra-
tiosandmisinterpretationsconcerningthehierarchicalstructureare
consequentialsymptoms. Additionally, this restrictionto rectan-
glesimpliesthatthelayoutof Treemapscanonly takeplacewithin
rectangulardisplay areas. More complex shapeslike circles, tri-
angles,and arbitrary polygonsare not possible. Although, these
shapesmay not be necessaryif Treemapvisualizationsare used
independently. However, by embeddingTreemaplayoutswithin
morecomplex visualizations,abetteradaptabilityis quiteusefulor
evennecessary.

Hence, the approachof Voronoi Treemapsis presented,en-
ablinga polygon-basedtwo-dimensionalsubdivision following the
Treemapparadigm.It offers low aspectratios,betterinterpretabil-
ity of hierarchicalstructures,and�e xible adaptabilityregardingthe
enclosingshape.



3 VORONOI TREEM APS

Globalapplication-independentconstraintsandoptimizationcrite-
ria for aTreemaplayoutregardingtheshapeof theTreemapsubar-
easare:

1. Constraint: The division in subareasmust fully utilize the
givenoverall area,therebyavoidingholesandoverlappings.

2. Optimizationcriterion: Subareasshouldhave an overall as-
pectratiobetweenwidth andheightthatconvergesto one.

3. Optimizationcriterion: Siblings in the hierarchy shouldnot
be groupedduring the layout process,therebymaking the
identi�cation of thehierarchicalstructurenon-ambiguous.

4. Optimizationcriterion: Subareasof theTreemapshouldhave
non-regularshape,sothatedgesbetweenthesubareasdo not
seeminglyrun into eachother.

Obviously, polygonscan be usedfor the division of a given
areainto subareas.A polygonis de�ned asa closedplane�gure
with n sides. Eachpolygoncanbe subdivided into smallerpoly-
gons,herebysatisfyingtheconstraintnumber1. Polygonscanhave
arbitraryshapes,andpolygonswith many sidescanapproximate
curves.Both referto theoptimizationcriterianumber2, 3, and4.

The principle structureof the layout algorithmis similar to the
original Treemaplayout algorithm. The �rst step is to createa
polygonalsubdivision of the given display areaaccordingto the
tophierarchy level. Theoutputis asetof polygonsrepresentingthe
nodesof the top hierarchy level. For thenext hierarchy level, this
procedureis performedrecursively for all toplevel nodeswithin the
respectivepolygons.Whentherecursionends,acompleteTreemap
layoutis obtained.

The basicconceptfor generatingpolygonalsubdivisions is to
utilize Voronoi tessellations.They enablean iteratively computa-
tion of goodlayoutsin accordanceto thegivenconstraintandop-
timization criteria. Finding an optimal solution is a NP-complete
problem—evenfor layoutsbasedonaxis-alignedrectangles.How-
ever, a goodapproximationis suf�cient for Treemaps.To clearly
convey theideaof VoronoiTreemaps,necessarytheoreticalknowl-
edgeof Voronoitessellationsis givenin thesubsequentSection3.1.
Thelayoutalgorithmfor computingVoronoiTreemapsis explained
in detail in Section3.2.

3.1 Voronoi Tessellations

Voronoi tessellationsenablethe partitioning of a m-dimensional
spacewithout producingholesor overlappings.For an easierun-
derstandingof their underlyingtheory, theexplanationsin this sec-
tion arerestrictedto relevantaspectsregardingtheirapplicationfor
Treemaplayouts.HereonlyplanarVoronoitessellationsin thetwo-
dimensionalEuclidianspaceareconsidered.All de�nitions andde-
notationsareaccordingto [17, 5].

Basic Properties: Let P := f p1; ::::; png be a set of n dis-
tinct points in R2 with the coordinates(x1;y1); :::; (xn;yn). These
points are the generators. The subdivision of R2 into n Voronoi
regions V(pi), with the property that a point q(x;y) lies in the
region V(pi) if and only if distance(pi ;q) < distance(p j ;q) for
eachpi ; p j 2 P with i 6= j, is de�ned as the Voronoi tessellation
V (P) := f V(p1); :::;V(pn)g. Thedenotationdistance(pi ;q) repre-
sentsa speci�ed distancefunction betweenthe generatorpi and
the point q. In general,a Voronoi tessellationis de�ned in an
unboundedspace.Having a boundedspaceS, the setV\ S(P) :=
f V(p1) \ S; :::;V(pn) \ Sg is calleda boundedVoronoi tessellation

of P by S. An ordinary Voronoi tessellationVe(P) is a Voronoi
tessellationusingtheEuclidianmetric,de�ned by

distancee(pi ;q) := kpi � qk =
q

(xi � x)2 + (yi � y)2, (1)

astheir distancefunction. Thebisectorof two regionsVe(pi) and
Ve(p j ) of anordinaryVoronoitessellationsis theperpendicularbi-
sectorof thegeneratorspi andp j . Examplesfor anunboundedand
a boundedplanarordinary Voronoi tessellationare given in Fig-
ure4.

Figure 4: Unbounded and bounded planar ordinary Voronoi tessella-
tion

Weighted Voronoi Tessellations: In thebasicVoronoi tes-
sellationV (P) it is implicitly assumedthateachgeneratorhasthe
sameweight.As anextension,asetof parametersW maybegiven,
andto eachgeneratorpi 2 P aparameterwi 2 W is assigned.These
parametersare the weights. By using weightedgenerators,it is
possibleto de�ne weighteddistancefunctions,generatingweighted
Voronoi tessellationsV (P;W).

An additivelyweightedVoronoi tessellationVaw(P;W), brie�y
the AW Voronoi tessellation,usesthe following distancefunction
betweena generatorpi 2 P with its assignedweightwi 2 W anda
pointq:

distanceaw(pi ;wi ;q) := kpi � qk � wi . (2)

Thebisectorof two regionsVaw(pi ;wi) andVaw(p j ;w j ) of anAW
Voronoitessellationsformsa hyperboliccurve with foci pi andp j .
Theleft imagein Figure5 presentsanexamplefor anAW Voronoi
tessellation.

Thedistancefunctionfor theadditivelyweightedpowerVoronoi
tessellationsVpw(P;W), brie�y PWVoronoitessellation,is:

distancepw(pi ;wi ;q) := kpi � qk2 � wi . (3)

This distancefunctionyieldsa bisectorof two regionsVpw(pi ;wi)
andVpw(p j ;w j ) that is a straightline. The bisectorcorresponds
to the perpendicularbisectorof pi and p j moved away from their
midpointdependingontheirweightswi andw j . Theright imagein
Figure5 presentsanexamplefor aPWVoronoitessellation.

Both, the AW and the PW Voronoi tessellation,may be illus-
tratedasVoronoi tessellationsthat areusingcirclesasgenerators.
This is obvious, if circlesareconsideredaspointswith a sizeor
weightparameter. Thereby, theweightwi in theAW distancefunc-
tion representsdirectly theradiusof thecircle, whereasin thePW
distancefunction,wi is thesquareof theradius.To satisfythecon-
tinuity of AW Voronoi tessellations,the circlesarenot allowed to
overlap.Additionally, theabstractionof circleswith negative radii
hasto bemadein orderto achieve thecompletespectrumof possi-
bleVoronoitessellationsfor theAW andthePWdistancefunction.



Figure 5: Weighted Voronoi tessellationsusing the AW and the PW
distance function

Centroidal Voronoi Tessellations: The centerof mass,or
centroid,ci of a Voronoi region V(pi) within the Euclidianspace
is calculatedby ci =

R
V(pi ) xdx. A centroidal Voronoi tessellation,

brie�y CVT, is aspecialVoronoitessellationwith thepropertythat
eachgeneratorpi is itself thecenterof massci of thecorresponding
VoronoiregionV(pi). Obviously, thereexist many differentCVTs
for agivennumberof generators.

Themathematicalimportanceof theCVT is foundedby its rela-
tionshipto theenergy function

K (P;V (P)) = å
i

Z

V(pi )
kx� pik2dx. (4)

It is proven thata necessaryconditionfor K (P;V (P)) to bemin-
imized is thatV (P) is a CVT [5]. Sinceto �nd a CVT of a given
numberof generatorswith K (P;V (P)) in a global minimum is
NP-complete[5], approximationsof CVTs thatarelocatedin local
minima of K (P;V (P)) are used. CVTs can be iteratively com-
putedwith theLloyd's method[16]: By startingwith aninitial dis-
tributionof generatorsP within aboundedplaneS, in eachiteration
stepeachgeneratorpi 2 P is movedinto thecenterof massci of its
VoronoiregionV\ S(pi) 2 V\ S(P). This iterativecomputationstops
whenthedifferencebetweeneachgeneratorpi andits correspond-
ing centerof massci is below a chosenerrorthresholde. Figure6
exempli�es thismethod.

Figure 6: Voronoi tessellation of 20 random points and an associ-
ated CVT|traces illustrate the movements of the points during the
computation of the CVT

The conceptof CVTs canbe generalizedto non-Euclidiandis-
tancefunctionsandspaces,andcanalsobe extendedto weighted
Voronoitessellations.Theonly prerequisiteis thattheexistenceof
a however de�ned centerof massfor eachVoronoi region is guar-
anteed.

Computational Complexit y and Algorithms: A lower
boundof the worst-casetime complexity for constructingthe or-
dinaryVoronoi tessellationVe(P) of n generatorsis O(nlogn). A

lower boundof thespacecomplexity for computingVe(P) is O(n)
in the worst case. Both lower boundsfor Ve(P) are tight in the
sensethatactuallythereexistoptimalalgorithmshaving theselower
bounds[17].

Thecomputationsof theAW VoronoitessellationVaw(P;W) and
the PW Voronoi tessellationVpw(P;W) have the sametime and
spacecomplexity asVe(P) in the worst case.Optimal algorithms
are existent, for instance[8] for Vaw(P;W), and [1, 14, 15] for
Vpw(P;W).

Thetime complexity of theiterative computationof anapproxi-
mationof aCVT is O(dOV ) with d asthenumberof iterationsand
OV asthecomplexity of theusedVoronoi tessellation.Therebyd
is not directly relatedto thenumberof generators,but ratherto the
minimal approximationerror thatshouldbeachieved,andit there-
fore doesnot affect theoverall complexity. Thecomplexity of the
calculationof the centersof massof a Voronoi region doesalso
not affect theoverall complexity, becauseit is only O(n), andeach
Voronoi tessellationhasat leasta time complexity of O(n). Thus,
theoverall time complexity for computingtheapproximationof a
CVT is equalto the time complexity of theusedVoronoi tessella-
tion. Nevertheless,CVT algorithmsareverytime-consuming,since
often many iterationsarenecessaryfor obtaininga goodapproxi-
mation. By takingadvantageof the fact that it is not necessaryto
calculatethe Voronoi tessellationsitself for obtaininga CVT, it is
possibleto usedistributedcomputingenvironmentsfor their com-
putation[12]. The ideais to calculateonly the centersof massin
eachiterationstepby using large randomsetsof discretesample
points.This methodachievesa nearlyperfectlinearspeed-upwith
thenumberof processorsused,andhasthesametime complexity
astherespective Voronoitessellation.Thespacecomplexity of the
iterativecomputationof anapproximationof aCVT is O(n).

3.2 Voronoi TreemapAlgorithm

The principle structureof the algorithmis similar to the recursive
structureof the original Treemaplayout algorithm. The modi�-
cationfor Voronoi Treemapsis appliedto the subdivision in each
recursionstep.Thereforthecomputationof thecentroidalVoronoi
tessellationis utilized.

CVTs enablethesubdivision of a givenareawithout producing
holesandoverlappings,which satis�estheconstraintfor Treemap
layouts. CVTs minimize the overall energy of the Voronoi tessel-
lation. Theenergy of theCVT is therebyequivalentto theoverall
aspectratioof thesubareasof theTreemaplayout[5], which refers
to optimizationcriterionnumber2. In a Voronoi tessellationeach
generatoris treatedseparatelyfrom the other generators.CVTs
arespecialcasesof Voronoitessellations,andthereforealsodo not
group their generators. This refers to the optimizationcriterion
number3. Non-degeneratedverticeswithin Voronoi tessellations
arisefrom threegeneratorsthathave thesamedistanceto a point,
wherebyeachnon-degeneratedvertex is assignedto threeedges.
The energy minimization in CVTs simultaneouslyminimizesthe
numberof degeneratedvertices,andmaximizesthe distancesbe-
tweenverticesandtheanglesbetweentheedgesof a vertex [5]. In
combinationwith the generalnon-regular topologyof CVTs, this
refersto theoptimizationcriterionnumber4. Concludingit canbe
statedthatCVTs aresuitablefor generatinggoodTreemaplayouts
in referenceto thegivenconstraintandoptimizationcriteria.

The essentialcharacteristicof Treemapsis that their subarea
sizescorrespondto thesizesof thenodesin thehierarchy. In stan-
dardCVTs usingthe Euclidiandistancefunction, the sizesof the
Voronoi regionsareroughly thesame,which disquali�es themfor
the generationof Treemaplayouts. CVTs with weighteddistance
functionshavethepropertyto producedivisionswith variablesized
subareas.The problemis that during the computationof a CVT
with an arbitrarily de�ned distancefunction, the areasizesof the



Voronoi regionsarenot observed. For that reason,anextensionof
thestandardCVT computationmethodis necessaryin orderto con-
trol thesizeof everyVoronoiregion. Theideais to adaptively alter
theweightparameterof eachgeneratorin thenext iterationstepac-
cordingto the sizeof the dedicatedVoronoi region in the current
iterationstep. For example,if the sizeof a nodein the hierarchy
is 20% of the sizeof the parentnode,andin the currentiteration
stepthe dedicatedVoronoi region coversonly 16% of the overall
area,it is tried to increasethe areasizeof this Voronoi region in
the next iterationstepfrom 16% to 20% by increasingthe weight
of thegeneratorby 25%. Dueto thefactsthattherelationbetween
theweightof ageneratorandtheareasizeof thededicatedVoronoi
region is not a lineardependency, andtheweightandpositionsof
theothergeneratorsarechangingat thesametime, thecorrectarea
sizeis mostlikely not achievedin thenext iterationstep.Ratherit
is presumedthatabetterapproximationis obtained.By performing
theseadjustmentsof the generatorweightsin eachiterationstep,
thecomputationstopsin a stablestate,wherebytheerrorbetween
the designatedrelative sizeof eachnodein the hierarchy andthe
relativeareasizeof thededicatedVoronoiregion is below achosen
maximumerrore. Thisextendedcomputationmethodfor weighted
CVTs for thegenerationof Treemaplayoutsis furtheroutlinedby
meansof Algorithm 1.

Algorithm 1 VoronoiTreemapsubdivision

Input: bounded plane S in R2; set of n values Adesired :=
f a1desired; :::;andesiredg with 0 < aidesired � 1 andå aidesired = 1; er-
ror thresholde

Output: subdivision of S in n disjoint subareassi � S with�
�
� AreaSize(si )

AreaSize(S) � aidesired

�
�
� < e

1: initialize asetof n pointsP := f p1; :::; png with pi 2 S, pi 6= p j
2: initialize asetof n weightsW := f w1; :::;wng with wi = 1
3: initialize adatastructurefor theVoronoitessellationV\ S(P;W)
4: repeat
5: ComputeVoronoiTessellation(V\ S(P;W))
6: stable= true
7: initialize asetof n valuesA := f a1; :::;ang
8: for eachai 2 A do
9: ai = AreaSize(V(pi ;wi ))

AreaSize(S) with Voronoi region V(pi ;wi) 2

V\ S(P;W)
10: if jai � adesiredj � e then
11: stable= f alse
12: end if
13: end for
14: for eachwi 2 W do
15: AdjustWeight(wi ;ai ;aidesired)
16: end for
17: MoveGenerators(P;W;V\ S(P;W))
18: until stable== true
19: ExtractSubareas(V\ S(P;W))

In general,arbitraryweighteddistancefunctionsmaybeusedfor
thedescribedsubdivisionalgorithm.Howeverfor theapplicationof
Treemapsandthe given optimizationcriteria, especiallythe addi-
tively weighteddistancefunction—withrestrictionto distributions
equivalentto non-overlappingcircles—andtheadditively weighted
power distancefunction arequali�ed. This is causedby the con-
tinuoustopologyof their resultingVoronoiregions.Thedifference
betweenthe AW andthe PW Voronoi tessellationis the shapeof
the bisectorof two regions. AW Voronoi tessellationscreatehy-
perboliccurves,andPW Voronoitessellationscreatestraightlines.
Thus,it hasto bedistinguishedbetweenAWVoronoiTreemapsand
PWVoronoiTreemaps. Additionally, thedifferentcharacteristicsof

theAW andPW distancefunctionsnecessitatea differenthandling
of the auxiliary functionsAdjustWeight() andMoveGenerators()
in Algorithm 1.

Duringthecomputationof AW VoronoiTreemapsubdivisions,it
is necessarythattheweightparameterwi canhavenegativevalues.
If not,it maybepossiblethattheareasizeerrorof smallregionswill
notgetbelow thechosenerrorthresholde. Furthermore,thespecial
casehasto beobservedthattheweightwi in AW tessellationsdoes
not becomezeroor nearbyzero. Therefore,it hasto be checked
againsta very smallvalued. In contrast,accordingto experience,
theconvergenceof thealgorithmfor PW VoronoiTreemapsubdi-
visions is improved, if eachwi � 1. The resultingalgorithmsfor
the AdjustWeight() function areoutlined in Algorithm 2 for AW
VoronoiTreemapsandin Algorithm 3 for PWVoronoiTreemaps.

Algorithm 2 AdjustWeight() for AW VoronoiTreemaps
Input: weightvaluewi ; areasizevalueai ; desiredareasizevalue

aidesired 6= 0

Output: adjustedweightvaluewi

1: 0 < d n 1
2: if jwi j < d then
3: wi = sign(wi) � d
4: end if
5: wi = wi + jwi j �

aidesired� ai

aidesired

Algorithm 3 AdjustWeight() for PWVoronoiTreemaps
Input: weightvaluewi ; areasizevalueai ; desiredareasizevalue

aidesired 6= 0

Output: adjustedweightvaluewi with wi � 1

1: wi = wi �
�

1+
aidesired� ai

aidesired

�

2: if wi < 1 then
3: wi = 1
4: end if

For grantingcontinuousAW Voronoi regionsduring the subdi-
vision algorithm, it is requiredthat the distribution of generators
in combinationwith theaccordingweightsis equivalentto a distri-
bution of non-overlappingcircles. This canbe achieved by again
adjustingtheweightsafterthegeneratorshavebeenmovedinto the
centersof massof thededicatedVoronoiregions,while keepingthe
ratio betweentheweights.Therebyall weightsaremultiplied by a
maximumfactor, sothatfor eachsubsetof generatorsf pi ; p jg � P,
with i 6= j, theirEuclidiandistanceis notsmallerthanthesumof the
assignedweightswi andw j . Algorithm 4 outlinestheimplementa-
tion of thefunctionMoveGenerators() for AW VoronoiTreemaps.
For PW Voronoi Treemaps,no additionalconditionsmustbe sat-
is�ed. Thus, the function MoveGenerators() for PW Voronoi
Treemapsis reducedto moving eachgeneratorpi into thecenterof
massof thededicatedVoronoi regionVpw(pi ;wi) 2 Vpw\ S(P;W)) .
Theformaldeclarationof analgorithmis setaside.

For the standard CVT computation method with constant
weights,it hasbeenshown that the energy K i(P;V (P)) in itera-
tion i is lower thantheenergy K i� 1(P;V (P)) in iterationi � 1, and
thereforethecomputationstopsin a local minimum[5]. This can-
not beproven for theextendedCVT computationmethodbecause
of thepermanentlychangingweightsof thegenerators.Neverthe-
less,from experienceit can be statedthat in most casesthis ex-
tendedCVT computationmethodalsostopsin a localminimum.If
not, this problemcanberemediedby a re-initializationof thegen-
eratorswith new randompositions. Aside from the energy of the



Algorithm 4 MoveGenerators() for AW VoronoiTreemaps

Input: set of n points P := f p1; :::; png; set of n weightsW :=
f w1; :::;wng; AW VoronoitessellationVaw\ S(P;W)

Output: set of n points P := f p1; :::; png with pi =
CenterOf Mass(Vaw(pi ;wi)) and Vaw(pi ;wi) 2 Vaw\ S(P;W);
set of n weightsW := f w1; :::;wng with kpi � p jk2 � (wi +
w j ) � 0 for f pi ; p jg � P, i 6= j

1: for eachpi 2 P do
2: pi = CenterOf Mass(Vaw(pi ;wi)) with Vaw(pi ;wi) 2

Vaw\ S(P;W)
3: end for
4: f actorWeight = ¥
5: for eachf pi ; p jg � P with i 6= j do

6: f = kpi � p j k2

wi+ w j

7: if 0 < f < f actorWeight then
8: f actorWeight = f
9: end if

10: end for
11: if f actorWeight < 1 then
12: for eachwi 2 W do
13: wi = wi � f actorWeight
14: end for
15: end if

Voronoitessellation,theareasizeerrorof eachVoronoiregion and
the overall areasizeerror is alsoreducedduring the computation.
Indeed,at theendof thecomputation,this errordoesnot residein
a local minimum,but ratherbelow a chosenthresholde. Figure7
illustratesa typical convergenceof themaximumareasizeerrorof
a Voronoi region andof the overall areasizeerror of the Voronoi
tessellationduring the computationof a CVT with an AW anda
PWdistancefunction.Thedatasetconsistedof tengeneratorswith
differentsizes.Theareasizeerrorof eachVoronoiregion wasless
than0.1%at iteration185for theAW distancefunction,andat it-
eration206for thePWdistancefunction.

Figure 7: Typical convergenceof the maximum area size error of
a Voronoi region and of the overall area size error of the Voronoi
tessellation during the computation of a CVT with an AW and a PW
distance function

TheentireAW andPW VoronoiTreemaplayoutsaregenerated
by usingthedescribedcomputationof CVTsin thesubdivisionstep
of theTreemaprecursion.Figure8 presentstheresultfor a layout
with theAW distancefunction,andFigure9 presentstheresultfor a
layoutwith thePW distancefunction.All four imagesusethedata

setwith 698nodesat5 hierarchy levels,asin theexamplesof Slice-
and-DiceandSquari�ed Treemaplayoutsin Section2. Again, the
left imagesvisualizethehierarchy with nodesof differentsizes,and
theright imageswith nodesof equalsize.

Figure 8: AW Voronoi Treemap layouts of the same data set as in
Figure 2 with nodes of di�erent sizes(left) and nodes of equal size
(right)

Figure 9: PW Voronoi Treemap layouts of the same data set as in
Figure 2 with nodes of di�erent sizes(left) and nodes of equal size
(right)

Similarly to theotherTreemaplayoutalgorithms,enhancements
like borders,adaptive edgesizes,cushions,coloring,etc.,mayalso
be appliedto the describedlayout method.This additionallysup-
portsthe userin the perceptionandinterpretationof the Treemap
visualization. Examplesfor suchenhancedVoronoi Treemaplay-
outsarepresentedin Figures10–12.

4 DI SCUSSI ON

This paperpresentsa new approachfor thegenerationof Treemap
layouts. Contraryto existent layout algorithmsthat arebasedon
the subdivision in rectangles,this new layout algorithm enables
the subdivision in arbitrary polygons. This also allows to create
Treemapvisualizationswithin areasof arbitraryshape,suchascir-
clesor triangles.Theevidencefor thesuitability of theintroduced
layout methodhas beenproducedby the constraintsand global
application-independentoptimizationcriteria for Treemaps.Espe-
cially, the minimizationof the overall aspectratio of the subareas
is explicitly attributed to the proven energy minimization in cen-
troidal Voronoi tessellations.This minimizationdoestherebynot
entail ambiguitiesof the interpretabilityof the hierarchicalstruc-
turein thevisualization,suchasobservedin otherTreemaplayout
algorithms.

Becauseof the intricacy of theexpandeddegreeof freedomfor
theselayouts,thepresentedmethoditeratively computesanapprox-
imation of a layout with an error below a desiredthreshold. De-
pendingon this threshold,the numberof iterationsrequiredmay



Figure 10: Enhanced AW Voronoi Treemap layout of 4075 nodes at
10 hierarchy levels(a brighter color indicates a lower hierarchy level)

becomevery large. Thus,with regard to computationtime, other
Treemaplayout algorithmsoutperformthis methodby far. This
problem is diminishedby using distributed computingenviron-
ments. The recursive structureof the Treemapalgorithmandthe
ability to massively parallelizethecomputationof theCVTs,enable
an almostperfectlinear scalabilitywith the numberof processors
used.In theexisting prototypeimplementationof the layoutalgo-
rithm, a variablenumberof computeserversis utilized to generate
even largeTreemaplayoutswithin a reasonabletime—usingeight
Intel XeonCPUseachwith 2.4GHz, thecomputationof Figure10
required7:13minutes,andthatof Figure11required5:48minutes.
Indeed,thismethodis notappropriatefor realtimecalculation.

In futurework, thepropertiesandabilitiesof thepresentedlayout
methodwill bestudiedextensively. For example,therestrictionof
themovementof thegenerators,andthetemporalcoherenceof the
subareas,will beinvestigated.Thatwill permitorderedlayouts,and
thevisualizationof time-variantdatasetsrespectively. Also, adap-
tationsof the presentedmethodto other layout problemsoutside
theTreemapdomainwill beaddressed,suchasthevisualizationof
georeferencedstatisticaldata.
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